The plastic behaviour in the crack tip region has a strong influence on the fatigue life of engineering components. In general, residual stresses developed as a consequence of the plasticity being constrained around the crack tip have a significant role on both the direction of crack propagation and the propagation rate. Finite element methods (FEM) are commonly employed in order to model plasticity. However, if millions of cycles need to be modelled to predict the fatigue behaviour of a component, the method becomes computationally too expensive. By employing a multiscale approach, very precise analyses computed by FEM can be brought to a global scale. The data generated using the FEM enables us to identify a global cyclic elastic-plastic model for the crack tip region. Once this model is identified, it can be employed directly, with no need of additional FEM computations, resulting in fast computations. This is done by partitioning local displacement fields computed by FEM into intensity factors (global data) and spatial fields. A Karhunen-Loeve algorithm developed for image processing was employed for this purpose. In addition, the partitioning is done such as to distinguish into elastic and plastic components. Each of them is further divided into opening mode and shear mode parts. The plastic flow direction was determined with the above approach on a centre cracked panel subjected to a wide range of mixed-mode loading conditions. It was found to agree well with the maximum tangential stress criterion developed by Erdogan and Sih, provided that the loading direction is corrected for residual stresses. In this approach, residual stresses are measured at the global scale through internal intensity factors. 
Introduction
Memory effects in fatigue life of metallic materials are known to be caused by crack tip plasticity. Their complexity make the fatigue crack growth under variable amplitude loads a difficult problem to be modelled. These effects are related to the elastic-plastic behaviour of the material (1) . For example, the application of a mode I overload delays the fatigue crack growth. This overload yields the material ahead of the crack tip generating compressive residual stresses in the overload's plastic zone. As a consequence the efficiency of subsequent fatigue cycles is reduced and the rate of fatigue crack growth is decreased. This is commonly known as plasticity-induced crack closure (2, 3) . In addition, if the overload's ratio is large enough, the crack may grow under mixed-mode conditions until it has gone round the overload's plastic zone (4) . Thus, crack tip plasticity can modify both the kinetics and the crack's plane. Therefore modelling the growth of a fatigue crack under complex loading conditions requires a detailed analysis of the effects of crack tip plasticity. FEM are useful for analyzing crack tip plasticity under various loading conditions. However, the simulation of mixed-mode fatigue crack growth by elastic-plastic finite element computations leads to huge computation cost. In order to model service conditions in engineering applications, the computations became even more expensive because real components typically have fatigue lives of a few millions cycles, and cracks do not generally remain planar. The current methodology combines the precision of finite element computations with the rapidity of a global approach.
For the sake of clarity, the principles of the technique will be briefly explained for elastic-plastic pure mode I cracks and subsequently will be extended to general mixed-mode (I + II) conditions.
Pure mode I conditions
The model allows predicting the rate of variation of the plastic deformation in the crack tip region. By assuming that fatigue crack growth rate is a function of crack tip plasticity, the model also provides the rate of crack propagation.
A general elastic-plastic law is assumed for the material behaviour in the crack tip region. Thus, the displacement field in the crack tip region is composed as a sum of two components, an elastic and a plastic component (Equation 3 ). In addition, each of these components is obtained as a product of an intensity factor and of a reference field. The "elastic" reference field
is obtained as the solution of an elastic FEM computation, using boundary conditions such as that K I = 1 MPa√m. Then for a given elastic-plastic mode I loading condition, its intensity (5) . This transformation is often employed for image processing, for instance to compress films to the "mpg" format.
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Once the complementary field,
, is determined, it can be used as a reference for any further FEM analysis. The displacement field during each time increment is therefore approximated according to Equation 3 .
The global error ( ) t c associated with this approximation is also calculated, according to Equation 4 and remains typically below 10%.
This method enables to deal with cyclic-elastic fields in the crack tip region from a global point of view, through only two intensity factors, ) ( t K I , which is close to the nominal stress intensity factor, and
, which measures crack tip plasticity at the global scale. It has the advantage of being applicable to any material constitutive law.
The approximation in Equation 3 is performed at each step of a finite element computation using a post-treatment routine.
The plastic strain intensity factor, ρ I , is a global measure of plastic deformation in the crack tip region. The FEM and the post-treatment routine can be thus employed to generate evolutions of ρ I under various loading conditions ( Figure 1 ). These evolutions are generated numerically for various loading cases and are employed like a "numerical" experimental database to identify an empirical model. Figure 1 : The mode I stress intensity factor is plotted against the plastic strain intensity factor, ρ I , as calculated using finite element results of the simulation of a cyclically increasing load sequence. Within the elastic domain (E) the variation of ρ I is negligible.
This empirical model, developed within the framework of dissipative processes, allows Vol. 2, No. 12, 2008 predicting dρ I /dt as a function of dK I /dt and of a set of evolution laws for a few internal variables. For instance, at each load's reversal (Figure 1 ) it is observed that there is a domain within which no variation of ρ I is observed. Since ρ I is a measure of crack tip plasticity, this domain (E in Figure 1 ) can be considered as an elastic domain for the crack tip region. It can be appreciated from Figure 1 that this domain also moves as a result of the degree yielding in the surrounding area of the crack tip. Therefore, a first internal variable should be introduced to define the position of E, and a second one to determine its size.
By assuming that the fatigue crack growth rate is a function of crack tip plasticity (6) , the methodology can also be used as a fatigue crack growth model. For instance, a directly proportional relation between fatigue crack growth rate and plastic strain intensity factor would yield an expression of the type (6) :
where A denotes the positive part of A. Equation 5 simply derives from the well known ∆CTOD equation. The main advantage of this model compared to classical cycle-derivative models (da/dN) is that, for the case of variable amplitude loads, no cycle reconstruction is required. This means a step forward, as normally service loads are far from being cyclic. In addition, by avoiding time-consuming tasks of cycle reconstruction, the actual load history is not modified, as it happens very often in models based on Paris' law (3) .
Mixed-mode (I + II) conditions
In order to generalize the approach to mixed-mode (I + II) loading conditions, the partitioning hypothesis from Equation 3 must be enriched (Equation 6). Now, the local displacement fields generated from finite elements, u(x,t), are firstly partitioned into symmetric part (mode I) and antisymmetric part (mode II) with respect to the crack plane. Then, as in the previous simpler case, elastic and plastic components are introduced for each mode, each part being the product of a known spatial field and of an intensity factor. The global variables are now, the mode I and II stress intensity factors, K I and K II , and the mode I and II plastic strain intensity factors, ρ I and ρ II . The plastic deformation is evaluated through the strain intensity factors. The procedure to identify the parameters for each mode is analogous to the pure mode I case, and similarly the error is computed for each time increment in the same fashion (Equation 7). As before, the error remains below 10% in all cases.
Besides, the error ( ) t c e that would be obtained if the displacement field was projected onto the "elastic" reference spatial fields only, is also determined using Equation 8 (8) In order to investigate the evolutions of ρ I and ρ II under a wide range of loading conditions, a 10-by-10 m centre cracked plate subjected to tension and shear loads was simulated. The material modelled was low carbon steel. A simple elastic-plastic behaviour was assumed, with Young's modulus, E = 200 GPa, Poisson's ratio, ν = 0.3, yield strength, σ Y = 250 MPa. The hardening was modelled with a tri-lineal curve and H/E = 2.5e-5, H being the plastic modulus. The procedure followed consisted of four steps:
I. An initial preload (10 MPa√m) in the pure opening mode direction was applied to the cracked structure (segment 1-2 in Figure 2 ). This was done to eliminate additional sources of uncertainty such as crack face interference effects, which may distort the results, and that are known to have important influence on the crack at low K I ranges (3) .
II. From this point, a mixed-mode load is applied, of magnitude 1 MPa√m (segment 2-3 in Figure 2 ) and direction α. The magnitude is calculated as a combination of both opening mode (K I ) and shear mode (K II ) loads according to:
III. As a consequence of having applied the load following a certain direction, the crack tip region yields in this direction. In order to bring the crack tip region to a position where no immediate yielding occurs in any direction, a slight unload follows (segment 3-4 in Figure 2 ). IV. From this point (4 in Figure 2 ) a series of radial loadings are applied (segments 4-5, 4-6, 4-7, 4-8, etc.), covering 360°. For each radial loading, the load is increased in small increments (typically 0.1 MPa√m), in order to detect the yield onset. All the loads were applied statically following the above sequence and no crack growth was considered within the computation. The elastic intensity factor and plastic strain intensity factor were evaluated following the methodology described in section 2 and beginning of section 3. Once that the 360° are covered, the procedure is repeated from step II onwards, following the same direction, α. In order to explore a wide range of the plane K II -K I , nine different directions were explored (see Figure 3) . By doing so, the shape, dimension and Vol. 2, No. 12, 2008 position of the elastic domain in the K II -K I plane can be determined. 
Elastic domain
Using such computations, an elastic domain or yield surface is determined from the finite element results as the domain within which ρ I and ρ II remain close to zero. In practice, the yield point is determined as the point from which ( ) ( ) Figure 4 illustrates the evolution of the elastic domain for the direction 2 shown in Figure 3 . One elastic domain was extracted for each K eq increment of 1 MPa√m. This set of elastic domains is the result of 10 hours fully automated FEM computations. In Figure 4 , it is obvious that this elastic domain is displaced during loading. Therefore, two internal variables ( )
are firstly introduced which define the position of the centre of one particular domain and account for residual stresses produced by previous loading history. Secondly, an analytical expression is proposed for the elastic domain. This expression is a generalization of the Von Mises yield criterion to the crack tip region (7) . As a matter of fact, at the local scale the material obeys the Von Mises criterion, which is a critical elastic distortional energy density criterion. Therefore it is assumed that the crack tip region yields globally, when a critical elastic distortional energy is reached. This energy is expressed analytically as a function of K I and K II , using the Westergaard stress functions. The yield point for any mixed-mode loading condition can be deduced from that obtained under pure mode I loading, K IY (7) : Good agreement is observed in Figure 4 between numerical results and the analytical equation. The rest of loading paths investigated showed similar fittings between numerical and analytical data.
While in the simplified pure mode I case, only the dimension and position of the elastic domain needed to be determined, the more general mixed-mode case requires also the shape of the elastic domain to be identified. The analytical expression which describes the elastic domain ( Equation 10) is an ellipse with semi-axes K IY and K IIY .
Plastic flow direction
The intensity factors ρ I and ρ II measure crack tip plasticity, analogously to other parameters such as CTSD and CTOD (8) . Data generated using FEM computation, such as those shown in Figure 4 , allow establishing an evolution law for ρ I and ρ II according to the loading conditions K I and K II . In order to predict fatigue crack growth, we need to assume a relationship between the loading direction and the crack growth direction, and also between the crack tip plasticity rate and the crack growth rate. For each computation, the flow direction, φ, and the loading direction, θ, were calculated following expressions 11 and 12. For the third loading case from Figure 3 , each time that the yielding was achieved for every radial loading, the pairs (K II , K I ) and (ρ II , ρ I ) were extracted. Subsequently the flow direction and the loading direction were computed following the above expressions. There is no clear and unique relation between the loading direction, as defined using K I and K II only, and the plastic flow direction. However, if the loading direction is defined as expressed in Equation 12, taking into account the displacement of the elastic domain, then the scatter disappears and a unique trend is observed for the third loading case from Figure  3 and also for any computed yield surfaces.
The reason for that is that K IX and K IIX stand for residual stresses at the global scale. Displacing the centre of the elastic domain consists in taking into account residual stresses from a global point of view. The evolution of the flow direction versus the loading direction, calculated as described above, is plotted in Figure 5 , for the loading direction 3 in Figure 2 . The loading angles 0, π and 2π radian represent pure mode II conditions; the loading angles π/2 and 3π/2 radian represent pure mode I conditions; and the angles in between the previous values represent the whole range of mixed-mode conditions. By considering crack tip plasticity as the driving force for crack growth and crack deflection (9) , the plastic flow direction can be compared to a crack bifurcation criterion. For this purpose, the maximum tangential stress criterion proposed by Erdogan and Sih (10) was employed, for being one of the most widely used theories. The growth direction is determined taking into account the loading conditions corrected from residual stresses (K I -K IX ) and (K II -K IIX ). Figure 6 shows the comparison between the computed flow directions and the crack growth direction predicted by the maximum tangential stress criterion. Provided a fixed rotation of 67.5° in any cases, the plastic flow direction and the growth direction from the maximum tangential stress criterion are in agreement. Therefore, in the future the flow direction will be employed to define the growth direction, while the flow rate will be employed to define the crack growth rate. 
Conclusions
An approximation for the displacement field in the crack tip region under mixed mode loading conditions has been proposed. The novel approach allows the visualization of crack Vol. 2, No. 12, 2008 tip plasticity at the global scale through the evolution of two plastic strain intensity factors, ρ I and ρ II . They can be used to characterize the elastic domain for the crack tip region in mixed mode conditions. The centre of this elastic domain is moving and stands for residual stresses in the crack tip region induced by plasticity. The approach was also employed for analyzing the plastic flow direction at the global scale, and to correlate it to the loading direction. Work is in progress to find a flow rule which relates analytically the crack tip plasticity with the loading direction and the loading history. In the present work, displacement data are obtained numerically. Nevertheless it is now possible to experimentally measure displacement fields. Experimental techniques commonly used in mechanics to provide full-field displacement information include moiré interferometry, electronic speckle pattern interferometry, digital image correlation, etc (11) . The following step will be to put together the methodology herein described with one of these techniques, so that real fatigue cracks subjected to mixed-mode conditions can be characterized directly by means of experimental measurements.
